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a b s t r a c t
A thermal stress model is developed to simulate stresses produced in the processing of thin ﬁlm metal inks due to
arbitrary time dependent temperature variations through the ﬁlm stack. The current model employs and extends
the method developed by Hsueh (2002), which models stresses in thin ﬁlms where the temperature of each layer
in the ﬁlm stack was assumed to be uniform at a temperature different from the initial temperature. The model
results in two integrals involving temperature distribution through the ﬁlm stack. The thermal stress model developed is validated using two cases where analytical temperature solutions are available. The ﬁrst is a constant
surface heat ﬂux on a single layer. The second is a constant surface temperature on a three-layer ﬁlm stack. Both
cases begin from an initial uniform temperature. The integrals appearing in the expressions for stress distributions are computed using the analytical solutions of the temperature distributions and are used to compute
the stress distributions through the ﬁlm stack. The analytical solutions are compared to numerical results produced by solving the transient heat conduction equation using a previously developed ﬁnite volume method.
In the numerical solutions, the integrals involving temperature are approximated using the midpoint rule. The
computed numerical results compare very well with the analytical solutions for both cases studied.
© 2015 Elsevier B.V. All rights reserved.

1. Introduction
Thin multilayered ﬁlms have a wide range of applications, including
solid-state electronics, composite laminated protective coatings, and
ﬂexible electronics [1]. Flexible electronic applications have grown to
include RFID tags, large-area displays, and photovoltaics, among others.
Applications currently under development include wearable sensors,
“smart” clothing, and ﬂexible cell phones and tablets that allow users
greater degrees of freedom to interact with mobile devices. Suganuma
[2] presents a summary of many of the current manufacturing methods
used to develop ﬂexible electronic circuits for a wide range of applications, and discusses the advantages and disadvantages of each method.
The market for ﬂexible electronics will continue to expand as the demand for robust mobile electronics continues to grow, so the need for
inexpensive and rapid techniques for the manufacture and thermal processing of thin ﬁlm metallic inks to form ﬂexible electronic circuits will
become more critical.
One method for manufacturing ﬂexible electronic circuits involves
using an ink jet printer to print circuits made from nanoparticle copper
or silver suspended in binders and solvents onto inexpensive ﬂexible
substrates such as polyethylene terephthalate (PET) or paper. The inks
must then be dried and sintered to make them highly conductive. A bottleneck in the manufacturing of printed electronics has been the thermal processing of the inks. The thermal processing time is reduced
exponentially with increased processing temperature, so the highest
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temperature possible is typically used. With traditional sintering
methods that bring the ink and substrate into thermal equilibrium,
such as ovens or infrared heaters, this temperature is most often limited
by the substrate. Expensive substrates typically have higher maximum
working temperatures, but inexpensive substrates such as PET have a
maximum working temperature around 150 °C, so traditional methods
are limited below these temperatures. This limitation forces a long processing time—often minutes, which means that production is limited by
oven size. A thin-ﬁlm processing technology termed “photonic curing”
[3–4] uses repeated short pulses (on the order of hundreds of microseconds) from xenon ﬂashlamps to heat the ﬁlm to sintering temperature
without damaging the substrate. A typical copper-based ink pattern
on paper is shown in Fig. 1 before and after sintering with photonic curing. The pulsed light produced during photonic curing produces a timevarying heat ﬂux that can act as a surface heat ﬂux or a volumetric heat
source, depending on the absorption properties of the materials. The
short-pulse radiant heating makes it possible to heat a thin ﬁlm on a
low-temperature substrate to a temperature far beyond the substrate's
maximum working temperature using methods that bring the ﬁlm and
substrate into thermal equilibrium. Coupled with roll-to-roll processing,
photonic curing facilitates rapid and efﬁcient processing of thin ﬁlm
metal inks.
Thermal stresses are produced during the thermal processing of the
ﬁlm stack. Traditional sintering methods, such as ovens, that bring
entire ﬁlm stack into thermal equilibrium at a temperature different
from the initial deposition temperature produce thermal stresses
due solely to each material having different coefﬁcients of thermal
expansion— that is, CTE mismatch between layers. With photonic
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Fig. 1. Typical copper based ink circuit pattern on paper.

curing, time-dependent temperature variations through the ﬁlm stack
occur due to the pulsed energy cycling of the xenon ﬂashlamps. This
produces thermal stresses due to nonuniform temperature in the ﬁlm
stack as well as CTE mismatch.
The response of single-material and multimaterial ﬁlms and strips to
thermal variations in their cross sections has been of interest even before Timoshenko derived an analytical solution for a bimetal strip subjected to uniform heating from an initial temperature in 1925 [5].
Timoshenko summed forces and moments in each layer and imposed
strain continuity at the interface to develop an analytical solution for
stress and displacement of the strip. Since then, many researchers
have developed methods to model thermal stresses in thin ﬁlms using
various approximations. Many of the earlier works built on the work
of Timoshenko by summing forces and moments and imposing interface strain compatibility to develop a system of 2N + 1 equations for
an N-layer composite. The solution was a set of N forces and N moments
that summed to zero (for unconstrained layers), and the radius of curvature of the stack. For a single layer Boley and Weiner [6] present the analytical solution for an unconstrained plate with arbitrary temperature
variation through the thickness. Olsen and Ettenberg [7] and Shimizu
et al. [8] developed a stress model for multilayer composites assuming
the entire stack to be at a uniform temperature different from the initial
temperature, so the resulting stresses were due solely to CTE mismatch.
Feng and Liu [9] and Liu and Murarka [10] generalized the method to
allow for temperature differences between layers, but each layer was
assumed to be at a uniform temperature. Lu and Fleck [11] developed
a model to study thermal shock resistance of a single-layer solid. The
stress model was coupled to a 1-D transient heat conduction model.
Malzbender and Steinbrech [12] used bending methods to determine
mechanical properties in single-layer and multilayered materials, and
Malzbender [13] used the results of this work to develop a model for
elastic deformation in multilayered materials due to external loads
and moments and CTE mismatch between layers. Zhang et al. [14–15]
developed models based on summing forces and moments to study
thermally induced stresses in multilayer coatings that included graded
material properties and compositions where the stresses were due
solely to thermal mismatch strain. Evans and Hutchinson [16] studied
the delamination mechanics of oxide coatings in thermal gradients of
aero-turbine engines. The authors considered steady-state and transient
temperature gradients in three-layer coating systems. More recently,
researchers have developed models for thermal stress that reduce the
number of unknowns from 2N + 1 to three or less. Freund [17–18]
developed a model for stress distribution in an unconstrained

heteroepitaxial layer in terms of the location where the epitaxial mismatch strain is zero and the curvature of the layer at that plane. It was
assumed that the epitaxial strain was known. Giannakopolous et al.
[19] extended the method to constrained layers where external forces
and moments are applied. Following the approaches of Freund and
Giannakopolous, Hsueh [20] developed a more generally applicable
method for computing stresses in thin ﬁlms that reduced the number
of unknowns to three and was not restricted to epitaxial layers where
the epitaxial mismatch strain is known. Hsueh, however, assumed
that the entire ﬁlm stack was heated uniformly and that the resulting
stresses were due solely to CTE mismatch between layers. The resulting
stress was written in terms of a uniform strain, a bending strain, and the
location of the bending axis, where the bending axis was deﬁned as the
location where the bending strain was zero (as opposed to the customary “neutral axis”, which is deﬁned as the location where the normal
stress is zero). Zhang [21] developed an alternative two-variable formulation, also assuming uniform temperature throughout the stack. Both
Hsueh and Zhang separate ﬁlm and substrate in the nomenclature of
their expressions, although this is not necessary. The substrate is simply
another layer in the stack. Feng et al. [22] developed a model for stresses
in circular thin ﬁlms subjected to nonuniform steady-state temperature
distributions. Sundaram et al. [23] investigated the effect of transient
thermal gradients on delamination of thermal barrier coatings.
This work applies and extends Hsueh's analysis to allow for a timedependent thermal proﬁle throughout the ﬁlm stack to compute thermal stresses in thin ﬁlms exposed to the time-dependent heat ﬂux encountered in photonic curing. The resulting expression for stress
distribution is analytical and involves integrals of the temperature distribution within the ﬁlm stack. The objective is to incorporate the thermal stress model into the ﬁnite volume discretization of the transient
heat conduction equation and validate it by comparing the numerically
computed results to two cases where analytical solutions are available.
The two cases are a single-layer model subject to constant heat ﬂux
and a three-layer model subject to a constant temperature on the top
boundary.
2. Thermal stress model
A transient thermal simulation model was previously developed and
validated by Guillot et al. [24–25] and used to simulate photonic curing.
The thermal-simulation model couples a ﬁnite volume discretization of
the heat-conduction equation to a graphical user interface written in
LabView and a database of thermally dependent material properties to

158

M.J. Guillot / Thin Solid Films 594 (2015) 156–161

which the user can add user-deﬁned materials. The geometric, material,
and pulse parameters are all speciﬁed using the interface. The output is
a graphical time–temperature history at all locations within the stack
that are viewable within the same interface. Complete details of the ﬁnite volume development are presented in [25].
Consider a multiple-layer material, as shown in Fig. 2, initially assumed to be stress free at a uniform temperature To and then subjected
to temporally varying heat ﬂux that produces a time-dependent temperature variation through its depth. The temperature variation produces thermal strains and corresponding stresses due to the variation
in temperature and the CTE mismatch between layers. Hsueh [20] proposed that the total strain could be written as a sum of a uniform component and a bending component:
ε ¼cþ

ðt b −xÞ
r

0 ≤x≤H;

ð2Þ

where Ei (Pa) and αi (m/m °C) are the modulus of elasticity and the
linear CTE, respectively, which are different for each layer and
can vary within a layer (e.g., due to temperature variations). The difference in temperature between the current time t and the initial
uniform temperature To is given by ΔTi(x, t). For planar geometries
rather than strips, Young's modulus should be replaced by the biaxial
modulus E ¼ E=ð1−νÞ, where ν is Poisson's ratio. The stress for a
given ﬁlm-stack composition is completely deﬁned by determining
c, tb, and r.
For unconstrained ﬁlm stacks, the resultant force and moment on
the ﬁlm stack is zero. This can be written as.
Z

H
0

Z
σ xx dx ¼ 0

H
0

σ xx ðt b −xÞ dx ¼ 0:

X iþ1
N Z
X
i¼1

ð3Þ

The quantities that determine the stress can be computed sequentially by superposition. Using the ﬁrst term of Eq. (3), the resultant forces due to the normal strain and the bending strain
components are separately set to zero. Then using the second
term of Eq. (3), the resultant moment about the bending axis is
set to zero. In the following expressions, Ei and αi are assumed constant within each layer but can vary from layer to layer. The method, however, extends in a straightforward way to cases where

Ei ðc−α i ΔT i Þdx ¼ 0:

If the CTE and modulus of elasticity are constant within each layer,
then Eq. (4) can be integrated and solved for the uniform strain component c as.
N
X

XZiþ1

Ei α i

ΔT i dx

i¼1

c¼

Xi
N
X

;

ð5Þ

Ei hi

i¼1

where hi =Xi +1 − Xi is the thickness of the ith layer. The force due to the
bending stress can be written as.
X iþ1
N Z
X
i¼1

Ei

ðt b −xÞ
dx ¼ 0:
r

ð6Þ

Xi

Integrating and solving for tb gives.
N
X

tb ¼

Ei hi ðhi þ 2X i Þ

i¼1
N
X
2
Ei hi

:

ð7Þ

i¼1

Note that the location of the bending axis is independent of the temperature and depends only on the stack geometry and material properties. Finally, setting the bending moment to zero gives the radius of
curvature of the stack as.
Z X iþ1
N
N
X
cX
Ei hi ðX i þ X iþ1 Þ þ
Ei α i
ΔT i x dx
2 i¼1
Xi
1
i¼1
¼

:
N
r X
t
1
Ei hi b ðhi þ 2X i Þ− ðX i þ X i X iþ1 þ X iþ1 Þ
2
3
i¼1
−

ð8Þ

The stress is determined by the thermal and geometric properties of
the ﬁlm stack and the two integrals involving temperature, which are
given by.
XZiþ1

XZiþ1

ΔT i dx
Xi

Fig. 2. Typical material stack geometry and cell deﬁnitions.

ð4Þ

Xi

ð1Þ

where the ﬁrst term c is the uniform strain component and the second
term is the bending component. The quantity tb is the location of the
bending axis (m), and r is the radius of curvature (m). The total ﬁlm
stack depth is H (m). The origin of the coordinate system is arbitrary,
but in this work we place the origin of the coordinate system at the
top of the ﬁlm stack with the positive direction pointing into the
stack. The resultant normal stress can be written as.
σ xx ðx; t Þ ¼ Ei ðxÞ½ε ðxÞ−α i ðxÞΔTðx; t Þ;

those quantities vary within a layer and would result in integrations involving modulus of elasticity and CTE in addition to the integrals involving temperature distribution.
For a ﬁlm stack composed of N layers, the resultant force due to the
uniform strain component can be written as.

ΔT i x dx:

ð9Þ

Xi

The stress model is a quasi-static model. That is, the stack displacement and radius of curvature at any given time depend only on the geometric and material properties of the stack and the temperature
distribution at that time. The time dependency of the stress is solely
due to the time dependency of the temperature distribution. The stress
distribution described by Eqs. (5), (7), and (8) is purely analytical. If analytical temperature distributions are known and can be integrated via
Eq. (9), the resulting stress distributions are analytical. It is easily
shown that for a single layer, the stress predicted by Eqs. (1)–(8) reduces to the solution given by Boley and Weiner [6] for a free plate
with temperature variation through the thickness.
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3. Stress model validation with analytical temperature distributions

and the eigenfunctions are given by

The stress model described in the previous section was incorporated
into the heat-conduction model. The numerical solutions were compared to the two previously described cases where analytical temperature distributions were known so that the integrals appearing in Eq. (9)
could be computed analytically. The resulting analytical stress distributions were compared to the stress distribution computed using the temperature distributions predicted by the ﬁnite volume heat-conduction
code and approximating the integrals appearing in the stress model
using the midpoint rule for each ﬁnite volume cell.

Φ1n ¼ sinðλn ξ1 Þ
Φ2n ¼ α n sinðμ 1n ξ2 Þ þ βn cosðμ 1n ξ2 Þ ;
Φ3n ¼ α n sinðμ 2n ξ3 Þ þ βn cosðμ 2n ξ3 Þ

3.1. Case 1: single-layer model
The temperature distribution throughout a single layer of material
subjected to a uniform heat ﬂux at the top surface can be approximated
by a semi-inﬁnite body as long as the duration is short enough that the
thermal effects do not reach the bottom boundary. Using the Green’s
function approach, Beck [26] writes the solution as
!
pﬃﬃﬃﬃﬃ

!
2
2 at ″ 1
ξ
ξ
ξ
;
−
erfc
qs 1=2 exp −
T ðx; t Þ−T i ¼
4Fo
k
2 Fo1=2
2Fo1=2
π
ð10Þ
where a is the thermal diffusivity (m2/s), k is the thermal conductivity
(W/m K), q″s is the surface heat ﬂux (W/m2), H is the depth of the
layer (m), Fo =(a/H2)t, and ξ = x/H.
3.2. Case 2: three-layer model
Sun and Wichman [27] develop a temperature solution for a threelayer composite initially at uniform temperature To, at t = 0, with the
top boundary at x = 0 suddenly raised to T1 for t N 0. The bottom surface
remains ﬁxed at To. The authors develop the solution in terms of the following nondimensional variables: θ =(T −To)/(T1 − To), ξ1 = x/h1, ξ2 =
(x − h1)/h2, ξ3 =(x − (h1 + h2))/h3, τ = t/to, δi =ηito/h2i , and κi = ki/hi, for
i = 1, 2, 3. The depth of the ith layer is hi, and to is an arbitrary reference
time.
The authors decompose the nondimensional temperature solution
within each layer into steady and unsteady components. The details of
the solution method are given in the reference, and only the results
are repeated here for convenience. The solution is written as
θðξi ; τÞ ¼ ψðξi Þ−ϕðξi ; τÞ:

ð11Þ

The steady solutions within each layer are written as
ψ ¼ 1−ðΔθÞ1 ξ1 in ξ1 ∈ð0; ; ; 1Þ
;
ψ ¼ 1−ðΔθÞ1 −ðΔθÞ2 ξ2 in ξ2 ∈ð0; ; ; 1Þ
ψ ¼ 1−ðΔθÞ1 −ðΔθÞ2 −ðΔθÞ3 ξ3 in ξ3 ∈ð0; ; ; 1Þ

ð12Þ

where Δθi = (1/κi)/(1/κ1 + 1/κ2 + 1/κ3).
The unsteady solutions are written as

ϕi ðx; t Þ ¼ Δi

∞
X

2

An e−λn δ1 τ Φin ðξi Þ

in ξi ∈ð0; ; ; 1Þ for i ¼ 1; 2; 3:

ð13Þ

ð15Þ

where the parameters are deﬁned as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
μ 1n ¼ δ1 =δ2 λn ; μ 2np¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
δ1 =δ3 λn
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Δ1 ¼ 1; Δ2 ¼ κ 1 =κ 2 δ2 =δ1 ; Δ3 ¼ κ 1 =κ 3 δ3 =δ1
α n ¼ cosðλn Þ; βn ¼ sinðλn Þ=Δ2
α n ¼ cosðλn Þ cosðμ 1n Þ− sinðλn Þ sinðμ 1n Þ=Δ2
βn ¼ cosðλn Þ sinðμ 1n ÞΔ2 =Δ3 þ sinðλn Þ cosðμ 1n Þ=Δ3
An ¼ κ 2 κ 3 =ðλn Mn Þ 


:



2
2
Mn ¼ κ 2 κ 3 =2 þ κ 1 κ 3 cos2 ðλn Þ þ sin ðλn Þ=Δ22 =2 þ κ 1 κ 2 α 2 n þ β n =2

ð16Þ

4. Results and discussion
The parameters for the validation were selected to represent photonic curing as much as possible while using analytical solutions. The
relevant material properties—the thermal conductivity k, speciﬁc heat
cp, densityρ, Young's modulus E, Poisson's ratio ν, and coefﬁcient of
thermal expansion CTE—are given in Table 1. The values for copper
and silver are found in [28]. The values for GBS and PET vary depending
on the manufacturer and exact composition. The values used in this
study should be considered typical. For the numerical solutions, each
cell was treated as a layer, with {Xi, Xi + 1} → {xi − 1/2, xi + 1/2} being the
boundaries of the cell.
4.1. Case 1: single layer
The single-layer case was composed of 75 μm copper (Cu) and was
subjected to a constant incident heat ﬂux, q″ = 200 kW/cm2. The total
simulation time was 3 μs. The mesh was composed of 250 cells; the
number of time steps was 1200. The initial temperature was uniform
at 25 °C. The previous validation study [25] demonstrated that these
mesh and time step parameters were more than sufﬁcient to ensure
converged solutions.
The analytical and numerical solutions for temperature and stress at
selected times are given in Figs. 3 and 4, respectively. The temperature
distribution solution is straightforward. The numerical stress distribution was computed using the model described in this work. The analytical stress distribution was computed using Eqs. (9.5.5) and (9.5.6a), pg.
278, of Boley and Weiner [6]. The integrals given by Eq. (9) were computed using Eq. (10), and the results are presented in Appendix A. It is
seen from the ﬁgures that the numerical and analytical solutions agree
very well. For this case, the layer is in compression near the top and bottom surfaces, while the midsection is in tension. As the sample initially
heats, the top surface's compressive stress increases, but the rate of increase slows at later times. The magnitude of the stress continues to increase during the simulation, and the location of the maximum tensile
stress travels down the layer. As the magnitude of the tensile stress
increases, the magnitude of the compressive stress near the top and
bottom surfaces increases to maintain overall force and moment

n¼1

Note that in Eq. (13), the subscript on δ in the exponential is 1, not i.
The eigenvalues λn are found from the roots of

tanðλn Þ ¼ −

ðΔ2 tanðμ 1n Þ þ Δ3 tanðμ 1n ÞÞ
;
1−Δ3 =Δ2 tanðμ 1n Þ tanðμ 1n Þ

ð14Þ

Table 1
Thermal & mechanical properties of materials in thin ﬁlm stacks.
Material

k (W/m K)

cp (J/kg K)

ρ (gm/cm3)

E (GPa)

ν (−)

CTE (μm/m K)

Cu
Ag
GBS
PET

401
420
1.14
0.24

382.5
234.8
820.0
729.9

8.96
10.5
2.24
1.37

115
83
64
3.5

0.33
0.37
0.20
0.39

16.6
18.9
3.3
59.0
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Fig. 3. Single layer model, temperature distribution at select times.
Fig. 5. Three layer model, temperature distribution at select times.

equilibrium. The maximum compressive stress is approximately
110 MPa, and the maximum tensile stress is approximately 50 MPa.
4.2. Case 2: three-layer model
The three-layer case was composed of 1 μm silver (Ag), 5 μm glass
borosilicate (GBS), and 100 μm PET. Constant temperature boundary
conditions were applied at the top and bottom surfaces. Initially, the
stack was at 25 °C uniform temperature. For t N 0 the temperature on
the upper boundary was raised to 125 °C, while the temperature on
the bottom boundary was maintained at 25 °C. The number of cells
was 47, 47, and 156 in layers 1, 2, and 3, respectively. The total simulation time was 1.2 ms. This geometry was chosen as representative of
typical photonic curing applications involving multilayer ﬁlm stacks.
Due to the complexity of the solution, our implementation of the analytical temperature model was validated by comparing our computed solution to the solution presented by Sun and Wichman in reference
[27]. The authors present the ﬁrst 20 computed eigenvalues and temperature distribution for an example case. We reproduced the table of
eigenvalues and the temperature distribution (Table 1 and Fig. 3a in
their work, respectively). Having validated our implementation, we
then re-solved Eq. (14) for the eigenvalues for our case using the Newton–Raphson iteration method. We computed the ﬁrst 5000 eigenvalues, which was much more than needed to ensure convergence of
the series for the unsteady part of the solution. Having established the
accuracy of our implementation of the analytical solution, we then applied the temperature solution to compute the stress using the model
developed in this work. The integrals of temperature needed to compute the stress distribution, given by Eq. (9), were computed using the
analytical temperature distribution and are presented in Appendix A.
The temperature distributions are shown in Fig. 5 at selected times.
The temperature in the ﬁrst layer is essentially constant. This is

Fig. 6. Three layer model, stress distribution at select times.

expected due to the high conductivity of silver combined with the thinness of the layer. The temperature distribution in the second layer is linear, while the distribution in the third layer varies nonlinearly from the
temperature at the interface with layer 2 to the constant temperature
on the right boundary.
The normal stress distributions at the same times are shown in Fig. 6.
Layer 1 immediately goes into compression, while layer 2 goes into tension. The compression in layer 1 is highest at earlier times (about
120 MPa) and then begins to decrease, whereas the tension in layer 2
is lowest at earlier times and increases with increasing time (up to
about 50 MPa). Layer 3 goes into compression up to about the ﬁrst 20
microns. The compression increases with increasing time to maintain
zero net force and moment on the entire stack. After 20 microns, there
is slight tension followed by compression toward the lower part of
layer 3, with all values in that region being on the order of 1 MPa or less.
5. Conclusions

Fig. 4. Single layer model, stress distribution at select times.

A thermal stress model based on Hsueh’s method was developed
and incorporated into a thermal model to simulate the thermal processing of thin ﬁlms using photonic curing. The model was validated using
two cases where analytical solutions were available using ﬁlm stacks
typical of photonic curing. The numerical model agreed very well with
the analytical solutions for the two cases studied. The stress model can
be used in conjunction with the thermal-simulation model to guide
the thermal processing of thin ﬁlms using photonic curing and to determine optimal parameters that will most efﬁciently process a given material ﬁlm stack without causing thermal-related stress damage.
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Appendix A
The integrals given by Eq. (9) needed to compute the stress are presented here for the single-layer and three-layer models.
Case 1. Single-layer model
For a single layer of depth H, the temperature integrals become.
ZH
ΔT dx ¼

H
2π1=2

0


  H 
H 2 þ 2at erf pﬃﬃﬃﬃﬃ
−H
H
2 at
pﬃﬃﬃﬃﬃ
;
− pﬃﬃﬃﬃﬃ þ
exp
4at
4 at
4 at
"

2

#

2

ð17Þ



"
#
pﬃﬃﬃﬃﬃ


H2 −8at
2at
−H2
H at
H
p
ﬃﬃﬃﬃ
ﬃ
ð18Þ
þ
ΔT x dx ¼− 1=2 −
exp
erf
4at
4
24π 1=2
3π
2 at


H3
H
þ pﬃﬃﬃﬃﬃ erfc pﬃﬃﬃﬃﬃ :
2 at
24 at

ZH
0

Case 2. Three-layer model
The integrals appearing in Eqs. (5) and (8), recalling Eqs. (11)–(13),
are evaluated as follows:
Z

X iþ1
Xi

Z

ψðxÞ dx

¼ h1 ð1−Δθ1 =2Þ
X 1 ≤x≤X 2 ;
¼ h2 ð1−Δθ1 −Δθ2 =2Þ
X 2 ≤x ≤X 3
¼ h3 ð1−Δθ1 −Δθ2 −Δθ3 =2Þ X 3 ≤x ≤X 4

X iþ1
Xi

ð19Þ

ψðxÞ x dx
2

¼ 1=6 h1 ð3−2Δθ1 Þ

X 1 ≤x≤ X 2

¼ 1=6 h2 ðð1−Δθ1 Þð6h1 þ 3h2 Þ−Δθ2 ð3h1 þ 2h2 ÞÞ

X 2 ≤x ≤X 3;

¼ 1=6 h3 ðð6ðh1 þ h2 Þ þ 3h3 Þð1−Δθ1 −Δθ2 Þ−Δθ3 ð3ðh1 þ h2 Þ þ 2h3 ÞÞ

X 3 ≤ x≤X 4

ð20Þ
Z

X iþ1
Xi

Z

X iþ1
Xi
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Φin ðxÞ dx
¼ h1 ð1− cosðλn ÞÞ=λn
X 1 ≤x ≤X 2 ;
¼ h2 ðα n −α n cosðμ 1n Þ þ βn sinðμ 1n ÞÞ=μ 1n X 2 ≤x ≤X 3
¼ h2 α n −α n cosðμ 2n Þ þ βn sinðμ 2n Þ =μ 2n X 3 ≤x ≤X 4

ð21Þ

Φin ðxÞ x dx
2

X 1 ≤x ≤X 2
¼ h1 ð0sinðλn Þ− cosðλn ÞÞ=λ2n
1,
−βn h2 þ α n h1 μ 1n
2
¼ h2 @
þ ðβ n h2 −α n ðh1 þ h2 Þμ 1n Þ cosðμ 1n Þ A μ 1n
X 2 ≤x≤ X 3 :
þ ðα n h2 þ β n ðh1 þ h2 Þμ 1n Þ sinðμ 1n Þ
1
0
,
−βn h3 þ α n ðh1 þ h2 Þμ 2n
C
B
¼ h3 @
þ β n h3 −α n ðh1 þ h2 þ h3 Þμ 2n cosðμ 2n Þ A μ 22n X 3 ≤x ≤X 4
þ α n h3 þ βn ðh1 þ h2 þ h3 Þμ 2n sinðμ 2n Þ

ð22Þ
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